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A method is p roposed  for  identifying s y s t e m s  with dis tr ibuted p a r a m e t e r s  in the case  of no a 
p r i o r i  informat ion about the fo rm of an adequate model of the p r o c e s s  being studied. 

The development  of p rocess ing  methods that would p e r m i t  taking account of physical  f ea tu res  of the p r o -  
cess  under investigation is urgent fo r  the theory  of in te rpre ta t ion  of a t he rmophys ica l  exper iment .  Conse-  
quently, the mathemat ica l  modeling of the r e su l t s  of an exper iment  by using inverse  p rob l ems  [1-4] in which 
it is requi red  to r e s t o r e  its p a r a m e t e r s  by ce r ta in  observa t ions  on the solution of a given equation, is of in-  
t e r e s t .  The dist inction of the approach based on solving inverse  p rob l ems  f rom other  methods of i n t e r p r e t a -  
tion [5-7] is the passage  f rom mathemat ica l  models ,  of r e g r e s s i o n  type, say,  in which the conceptual  s t ruc tu re  
and the functional connections of the effective f ac to r s  a re  not ref lected,  to models  in the fo rm of boundary value 
p rob l ems  of ma themat ica l  physics ,  say,  that contain information about the nature  of the p r o c e s s e s  being ob- 
se rved .  Combining expe r imen t  with the solution of boundary value p rob lems  pe rmi t s  taking account of the 
physical  f ea tu res  of the object  and to p e r f o r m  modeling in which not expe r imen ta l  data, and not data s tacked 
within the f r a m e w o r k  of the model se lec ted ,  but the model  i tself  will be subjected to fo rmal iza t ion .  

The theory of inverse  p rob lems  developed at this t ime requ i res  the ass ignment  of an adequatel model  of 
the p r o c e s s  being invest igated.  On the basis  of the genera l  theory  of i nco r rec t ly  posed p rob l ems  [8, 9], i t  
turns out to be poss ib le  to e l iminate  the postulat ion of the final f o rm of the ma themat i ca l  model  by sett ing a o e r -  
tain one of its se t  in conformity  with the p roces s  under considerat ion.  Indeed, in p rac t i ce  the n e c e s s a r y  in-  
fo rmat ion  about the object under investigation is often avai lable in the fo rm of the a s sumed  c lass  of m a t h e m a -  
t ical  models  by which the effective fac to r s  the i r  s t ruc tu re  and in te r re la t ion  are ref lec ted .  Then a solution can 
be sought, which sa t i s f i es  the boundary value p rob lem under cons idera t ion  on the one hand, and is cons is tent  
with given observat ions  on the other .  The degree  of consis tency in this case is the c r i t e r ion  by which s a t i s f a c -  
tion of the n e c e s s a r y  conditions for  adequacy between the model  and the p r o c e s s  is judged. The passage  to an-  
other  model should evidently be pursued  when cons is tency is not sa t is f ied.  The s t ruc tu re  and signif icance of 
the effect ive fac to r s  can be c lar i f ied as a resu l t  of a sequential  choice and compara t ive  analys is  of the so lu-  
tions obtained. 

F r o m  the viewpoint of s y s t e m s  theory  [10], formula t ion  of inverse  p rob l ems  in a se t  of given models  
pe rmi t s  s imul taneous s t ruc tu ra l  and p a r a m e t r i c  identif ication of the object.  The r equ i r emen t  of sequential  
solution of a whole s e r i e s  of inverse  problems with the uti l ization of the identical  initial data dis t inguishes it 
f r om other fo rmula t ions .  

As is known [8, 9], the initial hypothesis  for  the solution of i nco r rec t  p rob l ems  is the nar rowing  of the 
total  c lass  of poss ib le  s ta tes  to boundaries  that do not spoil  consis tency with the initial data.  This pr inciple  
should a lso  be used in select ing the sequence of inverse  p rob l em formula t ions .  Depending on the quantity 
of initial information,  the n e c e s s a r y  nar rowing  can be p e r f o r m e d  on the basis  of different  methods by making 
a select ion,  in pa r t i cu la r ,  between inductive or  deductive modeling.  

In the case of giving incomplete a p r i o r i  informat ion about the f o r m  of the model ,  the functional p r o p -  
e r t i e s  of its p a r a m e t e r s ,  and the l imited quantity of s amp le s  of observa t ions ,  inductive modeling has definite 
advantages .  The initial se lec t ion of a pa r t i cu l a r  model  based on the ref lec t ion of the mos t  e ssen t i a l  aspec ts  of 
the p roces s  under investigation is a significant  cons t ra in t  on the c lass  of poss ib le  s ta tes  of the object  which 
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cannot, at  the same time, spoil the adequacy conditions. In the opposite case,  when the model turns out to be 
inadequate, the utilization of par t icu lar  fo rms  should resul t  in unsat isfactory matching with the observations.  
Hence, the passage f rom the par t icu lar  to the volume, which is a resul t  of the inadequacy of the model or  the 
insufficiency of the functional descript ion of the proper t ies  of the pa ramete r s  desired,  can eliminate finding 
a rb i t r a ry  solutions by which the given sample of observations is descr ibed.  

If a sufficient quantity of information is given about the form of the adequate model, the proper t ies  of its 
pa rame te r s ,  and the corresponding amount of observations by which identifiability of the selected model is a s -  
sured,  the utilization of deductive modeling turns out to be effective. It consists  in going over  f rom the genera1 
functional representa t ion  of the object to its par t i cu la r  form.  

Below we show the application of the descr ibed approach in solving' the following tempera ture  diagnostics 
problem. 

Results of measur ing the tempera ture  in a copper cylinder of length L = 0.046 m and diameter  d = 0.0254 
m are presented in [ii]. The specimen was heated initially and then cooled in open air. It was determined by 
measurements of the temperature of the environment that this quantity is constant told equals Uav = 300.6~ 

Let us identify the parameters of the test object by this quantity of information, and let us also estimate 
the nonuniformity of the distribution of its temperature field. 

We seek the solution of the problem of interest to us in the domain of states reflecting the process of 
free cooling of a body of high heat conductivity. This permits making the following assumptions. The coeffi- 
cient of heat elimination is a nonincreasing smooth function. The thermophysical properties are constant in the 

observed temperature range 320~ < u < 420~ The thermal resistance of the rod is negligible. Installation 
of the measurement system can result in local changes in the continuity of the specimen, which are not sub- 
stantial in the volume of the whole rod. 

To strengthen the limitations of the class of possible thermal states of the rod, we perform an initial 
analysis by using a model with concentrated parameters. Neglecting the thermal resistance, we obtain 

du 2~ 
c p -  = - -  (Ucp - -  u), t > 0 ,  ult=0= u0, (1) 

dt t? 

where u 0 = 410.7~ is the initial value of the tempera ture  being measured .  

We seek the heat elimination coefficient c~(t) in the form of the function h = 2oz/cpR for  which the p o l y -  
nomial approximation 

P 

h = ~ ~IS (2) 

can be selected under the assumptions made, where -oo < )7i < ~ are  coefficients to be determined.  

Taking into account the lack of additional information about the nature of the quantities des i red  (whereupon 
extension of the domain of allowable solutions is possible),  we seek the unknown pa ramete r s  by using the method 
of regular iza t ion according to the following scheme:  

inf f~ [a], max lu~ - -  ui[ ~ 5, (3) 
aEA 1 ~ / ~ n  

where a are  the des i red  pa rame te r s ,  A is the domain of admissible solutions, ~ is a stabilizing functional, 
u 6 are  observat ions,  u is the solution of the model problem, and 6 = 0.01 K is the level of consis tency be-  
tween the observations and the t empera tu res  computed by means of the model, which is selected as the e r r o r  
of the measurements .  

The variational formulation (3) permits realization of a limitation on their variations in the case of insta- 
bility of the identification because of minimization of the functional f~ [a] which depends on the desired param- 
eters a. As the results [12, 13] show, in selecting a stabilizing functional one should start from the require- 
ment of strengthening the constraints imposed on the domain of allowable solutions of the inverse problem. In 
this connection, stabilizers of the type of highest order generalized derivatives, allowable by the selected ap- 
proximation of the desired quantities are used in all the cases considered below, 

The stabilizing functional of the above-mentioned type has the form ~2 = )72 for the function (2), Hence, 
among the possible values of the coefficient -:o < )Tp < oo a quantity with minin~al modulus is selected under 
the condition of best matching of the model temperature field to the given sample of observations. 
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L e t  us  note  c e r t a i n  ques t ions  of the  n u m e r i c a l  r e a l i z a t i o n  of the i d e n t i f i c a t i o n  a l g o r i t h m s  u s e d .  The 
v a r i a t i o n a l  r e g u l a r i z a t i o n  s c h e m e  (3) is  r e d u c e d  to an a b s o l u t e  p r o g r a m m i n g  p r o b l e m  by the me thod  of p e n a l -  
t i e s .  The p e n a l t y  func t ion  has  the  f o r m  

F (a) = f~ [a] + / ( 7  (a), (4) 
6 

w h e r e  7 = max luj - -  usl - -  6 is  the  r e s i d u a l  in the  c o n s i s t e n c y  cond i t i ons ,  and K is  the  p e n a l t y  func t ion  (K >> 0 

i f y  > 0 b u t K = o i f y < -  0). 

D e t e r m i n a t i o n  of t he  c o e f f i c i e n t s  a = { 7" }" ~ of the  m o d e l  (1) by the m e t h o d  e l u c i d a t e d  f o r  p = 2 would 
1 l = , P 2  3 

p e r m i t  f inding the v a l u e s  70 = 2.914 h -1, 71 = - 1 . 5 2  h -  , 72 = 0.375 h -  . The r e s i d u a l  in the  c o n s i s t e n c y  c o n -  
d i t ions  would  r e a c h  the v a l u e  Y1 = 0-1845~ A f u r t h e r  s u c c e s s i v e  i n c r e a s e  in the  d e g r e e  of the  p o l y n o m i a l  (2) 
would  show the s t a t i s t i c a l  i n s i g n i f i c a n c e  of the  r e c u r r e n t  change  in the  f o r m  of the d e s i r e d  funct ion h(t) f o r  
p >_ 6. The  f o r m  of th i s  func t ion  is  shown in F i g .  1 f o r  p = 6. The magn i tude  of the r e s i d u a l  i s  T2 = 0.1842~ 
in th i s  c a s e .  The  f o r m  of the  d e s i r e d  func t ion ,  found by m e a n s  of the f i n i t e - d i f f e r e n c e  f o r m u l a  

6 8 
hj = tti+l - -  ui-1 , ] = 1, n - -  1, 

2 (tj - -  t j_l)  ( U a v -  tt~ ) 

is presented for comparison with the results obtained in Fig. i. 

In order to estimate the level of the identification error and the modeling in the case considered above, 

we make the passage to the other model that takes account of the radial heat distribution 

cp --  r , O < r <  1, t > 0 ;  
Ot R z r Or 

'~l-- = Uo ~ c o n s t ,  O < r <  i ;  

~. Ou I = 0 ,  t > O .  

(5) 

Since  we do not  know the va lue s  of the c o e f f i c i e n t s  c,  p ,  and k ,  a s  we l l  as  of the  c o o r d i n a t e  r T of the poin t  of 
t e m p e r a t u r e  m e a s u r e m e n t  u 6 , then  we pose  the  p r o b l e m  of d e t e r m i n i n g  the p a r a m e t e r s  

~R 
CPR2 - -  cOrlSt, (12 ~ a 3  = r r el - -  L - ~ -  ' 

f o r  the m o d e l  (5). We a p p r o x i m a t e  the  coe f f i c i en t  a2(t) e x a c t l y  a s  in the  p r e c e d i n g  c a s e .  We d e t e r m i n e  the t e r n -  
f i e l d  u ( r ,  t) by B e s s e l  i n t e r p o l a t i o n  of the  m e s h  func t ion  w! = u ( r  i,  t j ) ,  i = 0 ,  50, j = p e r a t u r e  0, 100 found by the 

1 
f i n i t e - d i f f e r e n c e  me thod .  

With respect to the selection of the model (5) and its desired parameters, we note that expansion of the 

states, as compared with the model (I), is characterized just by two constant parameters a i > 0 and 0- < a 3 -< i, 

here conserving the uniform form of the initial temperature distribution over the cylinder section. 

The following values of the desired quantities were obtained as a result of identification. The coefficient 

a t turned out to equal 0.000793 h. Verification of this value by using handbook data [14] shows that the differ- 

ence i s  7.2% f o r  c = 3893 J / ( k g  �9 ~ p = 8800 k g / m  3, k = 348.8 W / ( m  �9 ~ The f o r m  of the func t ion  h = 
2 a 2 / a  1 i s  shown in  F ig .  1. As can  be s e e n ,  the  v a l u e s  found by us ing  m o d e l s  (1) and (5) a r e  in s a t i s f a c t o r y  m u -  
tua l  a g r e e m e n t .  The  m a x i m u m  d i s t i n c t i o n  does  no t  e x c e e d  6 % of the  runn ing  v a l u e .  

L e t  us  c o n s i d e r  the a n a l y s i s  of d e t e r m i n i n g  the c o o r d i n a t e  of the  t e m p e r a t u r e  m e a s u r e m e n t  poin t  in m o r e  
d e t a i l .  A n u m e r i c a l  i n v e s t i g a t i o n  of the  b e h a v i o r  of the p e n a l t y  func t ion  (4) showed  tha t  i t  is  r e s p o n s i v e  to  
changes  in the  p a r a m e t e r  a 3. Consequen t ly ,  the  va lue  a 3 = 0 was  found by a c o o r d i n a t e - b y - c o o r d i n a t e  d e s c e n t  
f r o m  the i n i t i a l  va lue  a~)  = 1. F u r t h e r  v a r i a t i o n s  of the  c o o r d i n a t e  of the  m e a s u r e m e n t  po in t  du r ing  the s e a r c h  
f o r  the  m i n i m u m  of the  p e n a l t y  func t ion  d id  not  e x c e e d  the va lue  10 -6 m .  The f ina l  e s t i m a t e  f o r  the  n o n u a i -  
f o r t u i t y  of the  r a d i a l  t e m p e r a t u r e  d i s t r i b u t i o n  of the  r o d  shows  tha t  

F o r  the  e r r o r  l eve l  6 
p a r a m e t e r  a 3. 

0.04K < var [u (1, t) - -  u (0, t)[ < 0.06K. 
O~t<~T 

= 0.01~ th i s  quan t i t y  c o n f i r m s  the  r e s p o n s e  of the  p e n a l t y  func t ion  F ( a )  to  a change  in the 
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Fig. I. 
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Determination of the heat elimination: i) finite-difference 
f o r m u l a ;  2) m o d e l  (1), p = 1; 3) m o d e l  (1), p = 6 ;  4) m o d e l  ( 5 ) , p = 6 .  h, 
h - l ;  t / 9 6  s e c .  

Fig. 2. Initial temperature distribution in the segment 0 _< z _< l, u, K. 

Taking account of the thermal radiation 

)~ Ou I =0 ,  t > O  (~t~=~ - .~v )  + ~ (~h,=~- ~ + - ~  o-7 ~=~ 

in the boundary condition showed the lack of significance of this factor. 

Therefore, the passage to another model within the framework of the assumed class of test object states 
confirmed the results obtained earlier and also permitted determination of new parameters and establishment 
of the significance of such factors as the radial thermal flux and thermal radiation, However, improvement of 
the consistency with observations as compared with the model (i) was not achieved. The residual turned out 
to equal Y3 = 0.2413~ Therefore, expansion of the description of the object states reflects the structure of 
the effective factors insufficiently completely. Since the results obtained are inadequate to the setting up the 
main source of modeling errors, we continue analyzing the object states by using other models. 

Let us examine the boundary value problem 

0u 2E 02u 2a 
cp -- (U--Uav), 0 < 9 < 2 ~ ,  t > 0 ,  

at R 2 092 R 

uft=o = Uo ~ const, 0 < 9 ' <  2~, (6) 

in which  the n o n u n i f o r m i t y  i s  t a k e n  into accoun t  in the t e m p e r a t u r e  f i e l d  d i s t r i b u t i o n  o v e r  the  c i r c u l a r  c o o r -  
d ina t e  q~ b e c a u s e  of the d e p e n d e n c e  of the h e a t  e l i m i n a t i o n  c~ = ~(~9, t ) .  We n e g l e c t  the r a d i a l  t h e r m a l  f lux and 
c o n s i d e r  the  i n i t i a l  t e m p e r a t u r e  d i s t r i b u t i o n  c o n s t a n t .  Such a n a r r o w i n g  of the  d o m a i n  of a d m i s s i b l e  s t a t e s  
p e r m i t s  e s t i m a t i o n  of the  s i g n i f i c a n c e  of the  c i r c u l a r  n o n u n i f o r m i t y  of  the h e a t  e l i m i n a t i o n .  The l o c a t i o n  of the  
m e a s u r e m e n t  s y s t e m  was  t aken  as  the  o r i g i n  of c i r c u l a r  c o o r d i n a t e  m e a s u r e m e n t ,  i . e . ,  ~T  = 0. The quan t i t i e s  
a 1 = cpR2/~.  ~ c o n s t  and  ~2 = ~R/X a r e  the  d e s i r e d  p a r a m e t e r s .  The c o e f f i c i e n t  a 2 was  a p p r o x i m a t e d  by the 
l i n e a r  po lygon  func t ion  

1 : _ ~  - : _ ,  - 1 (v~  + : - ~  " - 2 9 - -  9~ ~ ~-~  

% - -  % - x  

1 , . i  : - t  " /_~ 2 t - - t : - - t j _ j  

1 - i - ~  d , .i �9 ( 2 ~ - - ~ o  i - ~ 9 i _ l ) ( 2 t - t  s - t ~ _ l )  
+ ~ -  ( ' t - ,  - -  ~i-1  t ~ - -  ~ - ' )  

(9~ - -  9~-~) (ts - -  ts_~) 

J whose nodes u i = 
the form 

a 2 (~v i,  t j ) ,  i = O, 12, j = 0, 4 a r e  to  be d e t e r m i n e d .  The s t a b i l i z i n g  func t ion  was  s e l e c t e d  in 
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~ [ \ & P /  k a t  . �9 

where 

�9 " i--i  __  ~;~--i 4-  ~i--I 
fo ; g~J = ; 

2 (% -- %-1) 2 (~ -- ~i-I) 

qiJ = ; si3 == 
2 (tj - -  tj_~) 2 (tj - -  t j_l) 

The fini te-difference mesh w~ = u(~i, tj) for  solving the direct  problem (6) was given with the number  of nodes 
i = 50, j = 0, 100. 

Results of the identification { u, a 1,2 } at this stage of the analysis show the negligible deviatiens of the 
tempera ture  over  the c i rcu la r  coordinate 

0.001K< vat ] m a x  u ( %  t ) - -  m i n  u ( %  t) l < 0,005 K, 
O~t~T 0~p~2~ 0~r 

as well as the weak dependence of the heat elimination on the coordinate ~. The magnitude of the residual  was 
Y4 = 0.1741~ Improvement  of the consistency as compared to model (1) is explained by the expansion of the 
functional representat ion of the heat elimination since the values of the coefficient a~ found by using the models 
(5) and (6) differ insignificantly. This resul t  shows the value of the per formable  regular izat ion.  

Terminat ing the analysis of the thermal  state of the copper rod, by taking account of the preceding r e -  
sults we est imate  the nonuniformity of the tempera ture  distribution over  the length of the specimen.  To do this 
we consider  the model 

Ou ~ a~u 2a  
cp - (u - -  ucp), 0 < z < 1, t > 0 ,  

Ot l z Oz 2 R 

ult=0 - u0 (z), 0 < z < 1, (7) 

Ulz=o = Oo (t), ul~=l = ol (t), t > o 

In this case the domain of allowable states is expanded because of the variable boundary conditions u0(z) and 
00,i(t). We seek them in the class of smooth functions. Relative to the thermophysieal properties and conditions 
of the heat elimination, it is assumed that they satisfy the assumptions made for the model (5). 

Taking into account the possibility of spoiling the wholeness of the rod in the axial direction because of 
the disposition of the measurement system, we seek the solution of the inverse problem not over the whole length 
of the rod but only over a part I = 0.1L. We consider the ends of the estimation segment equidistant from the 

temperature measurement points, i.e., z T = 0.5. We approximate the unknown hmctions u0(z) and 00,1(t) by cubic 
splines [15]. This selection is made with the local properties of splines and the absence of data on the nature 
of the boundary conditions in the experiment taken into account. We give the stabilizing functional in the form 

I d3uo 2 _ - -  d80o 2 dt. 0o , ! i [ ( T )  + 
We determine the tempera ture  field u(z, t) by Bessel  interpolation of the mesh function w{ = u(zi, tj), i = 0 ~ - ~ ,  
j = 0, 100. 

We give the pa rame te r s  a 1 = e p l 2 / X  a n d  a 2 = 2 a 2 1 2 / X R  f rom the resul ts  obtained by using the model (5), 
and we determine the boundary conditions { u 0, 0 0, 0o, 1 } in  the set  of smooth posi t ive-defini te  functions. Reach-  
ing the magnitude of the residual  Y5 = 4"14~ indicates the inadequacy of the identification in the model (7) of 
just  the boundary condition. Expansion of the number  of des i red  quantities because of the coefficient a l  = const 
permit ted improvement  of the consistency to Y6 = 0"31~ The laws found for  the tempera ture  variat ion are  
shown in Figs.  2 and 3. We turn attention to the nonuniformity of the initial distribution. Since its l imitation by 
a constant value in the preceding cases  permit ted  sa t i s fac tory  identification, then extending the model r e p r e -  
sentation of the thermal  state of the rod with axial heat conductivity taken into account shows the significance 
of the change in object proper t ies  in this area .  This is evidently caused by the method of obtaining the observa-  
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Fig. 3. 

0 ~ z __ l: 1) u(z, t)iz =1; 2) u(z, t)lz =z T, 
u(z,  t) lz =0" 

0 4 L7 12 

Rod cooling in the est imation segment  
3) 

tion sample. Further detailing of the description of the thermal state should be performed with the properties 
of the rod and the measurement system taken into account in a complex manner. From this viewpoint, the 
necessity of a successive increase in the number of desired parameters in model (7) is elhninated because of 
the additional refinement of the heat elimination ~(t). 

The results obtained permit establishment of the main source of error in the modeling and its significance 
in the cases considered. For the model (I) the influence of installing the measurement system along the rod 
axis is minimal, while a local change in the continuity of the specimen for the models (5)-(7) causes a certain 
difference in the coefficient a I from the analogous value obtained by handbook data. This distinction grows with 
detailing of the description of the thermal state performed within the framework of the model of a continuous 
rod. Among the other methodological errors, the absence of taking account of the nonlinearity in the thermo- 
physical properties and the inhomogeneity of the heat distribution can be taken into account. But the satisfactory 
consistency with observations and the compatibility of the estimates of parameters of the same kind, obtained 
in different identification stages, show that the errors of the models used do not cause significant errors in the 
quantities found. 

Therefore ,  the theory developed for  inverse problems can be extended to the case of absence of a suffi-  
cient quantity of a p r io r i  information about the fo rm of the adequate model of the p rocess .  For  such situations, 
the joint solution of a whole se t  of inverse problems in which a conception reflect ing the proposed s t ruc ture  of 
the effective fac tors  is included, turns out to be effective. Its opera tor  mode can be given by a family of dif- 
ferential  equations, say,  whose composit ion is determined by information about the qualitative proper t ies  of the 
object of investigation. An est imate  of the identification e r r o r  because of modeling e r r o r s  can be made on the 
basis of a compara t ive  analysis of the resul ts  of solving different inverse problems obtained by using the very  
same initial data. The method proposed for p rocess ing  the resul ts  of exper iment  permit ted real izat ion of an 
es t imate  of the state of the object and the es tabl ishment  of the significance of the effective fac tors  within the 
!imited volume of the observat ion sample.  

NOTATION 

u, temperature field; c, specific heat; p, density; ~, heat elimination; ~, emissivity; ~, Stefan-Boltz- 
mann constant; Uav, temperature of the environment; u 0, initial temperature distribution; 00, I, boundary tem- 
peratures; T, upper bound of the observation time; R, rod radius; l, estimation segment; r T, ~T, ZT, coor- 
dinates of the temperature measurement point; n, sample volume; and f, g0 h, q, s, auxiliary quantities. 

1, 

2. 
3. 

4. 

LITERATURE CITED 

M. M. Lavrent'ev, V. G. Vasil'ev, and V. G. Romanov, Multidimensional Inverse Problems for Differ- 
ential Equations [in Russian], Nauka, Novosibirsk (1970). 
A. G. Templdn, Inverse Heat Conductivity Methods [in Russian], ~nergiya, Moscow (1973). 
Yu. E. Anikonov, Certain Methods of Investigation Multidimensional Inverse Problems for Differential 
Equations [in Russian], Nauka, Novosibirsk (1978). 
O. M. Alifanov, Identification of Heat Transfer Processes of Flying Vehicles: Introduction to the Theory 
of Inverse Heat Transfer Problems [in Russian], Mashinostroenie, Moscow (1979). 

1081 



5. Yu. V. Linnik, Method of Least Squares and Principles of a Mathematical Statistics Theory of Processing 
Observations [in Russian], Fizmatgiz, Moscow (1962). 

6. L. Janoshy, Theory and Practice of Processing Measurement Results [Russian translation], Mir, Moscow 
(1968). 

7. V.N. Vapnik, Restoration of Dependences of Empirical Data [in Russian], bIauka, Moscow (1979). 
8. A.N. Tilchonov and V. Ya. Arsenin, Methods of Solving la]correct Problems [in Russian], Nauka, Moscow 

(1979). 
9. V.K. Ivanov, V. V. Vasin, and V. P. Tanana, Theory of Linear Incorrect Problems and Its Application 

[in Russian], Nauka, Moscow (1978). 
i0. P. Eichhoff, Principles of Control System Identification [Russian translation], Mir, Moscow (1975). 
ii. J. Beck, "Sequential estimation of thermal parameters," Trans. ASME, Heat Transfer, 9_~9, No. 2, 170-180 

(1977). 
12. M. 1%. Romanovskii, "On the regularization of inverse problems," Teplofiz. Vys. Temp., i_88, No. i, 152-157 

(198o). 
13. M.R. Romanovskii, "Regularization of inverse problems by the scheme of particular consistency with 

elements of a set of observations," Inzh.-Fiz. Zh., 42, No. I, ii0-i18 (1982). 
14. V.N. Yurenev and P. D. Lebedev, Thermal Engineering Handbook [in Russian], Vol. 2, I~nergiya, Moscow 

(1976). 
15. J. Alberg, E. Nielsen, and J. Walsh, Theory of Splines and Its Application [Russian translation], Mir, 

Moscow (1976). 

1082 


